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Abstrat
We onsider the form of the harge density nano-sale ongurations in un-
derdoped states of planar antiferromagneti insulators in the framework of a soft
variant of Faddeev-Niemi model. It is shown that there is suh a level of doping
and the temperature range, where harge density distributions in the form of losed
quasi-one-dimensional strutures are more preferable.
PACS: 74.25.-q, 74.80.-g, 71.10.Hf, 71.10.-w
Low-dimensional inhomogeneities in the distribution of harge [1, 2, 3℄ and spin [4, 5℄
degrees of freedom at a moderate level of doping of planar antiferromagneti insulators are
the subjet of ative experimental and theoretial study nowadays. One of the reasons of
inreased attention to oherent quasi-one-dimensional harge strutures is their existene
in the state, whih preedes the high-temperature superonduting phase. Keeping in
mind this key property [6℄, for desribing the mentioned phases we should hoose suh
a model, whih will ontain them as limiting ases. In the framework of the mean field
theory, the two-omponent Ginzburg-Landau model, defined on the omplex projetive
spae CP 1, satisfies the searhed requirements. It was shown reently [7℄ that there is
its exat mapping to the following extended variant of the n-field model:
F =
∫
d3x
[
1
4
ρ2 (∂kn)
2
+ (∂kρ)
2
+
1
16
ρ2c2 + (Fik −Hik)2 + V (ρ, n3)
]
. (1)
The free energy in Eq.(1) is defined by the density ρ2, as well as by the unit vetor n
and the momentum c = J/ρ2 = 2(j − 4A). They haraterize the spatial distributions
of spin degrees of freedom with urrent J or without it. The total urrent ontains the
paramagneti part j = i[χ1∇χ∗1 − c.c. + (1 → 2)] and the diamagneti term −4A. The
following notations were used in Eq.(3): Fik = ∂ick − ∂kci and Hik = n · [∂in× ∂kn] ≡
∂iak − ∂kai. The vetor ai has the sense of the gauge potential whih parametrizes
the strength of the internal magneti field. Provided the eletron spin and harge are
transferred from one of the four sites of some plakets to the dopant reservoir, the terms
withHik in Eq. (1) haraterize (in the infrared limit) the mean degree of non-ollinearity
< 0|S1·[S2 × S3] |0 > in the orientation of three spins remaining in the sites of a quadrati
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1
lattie plaket. Therewith the defiit of the harge density ρ2h relates to the density ρ
2
,
whih desribes the distributions of the exhange integral in (1), as ρ2 + ρ2h = const.
From the long-wavelength point of view the distribution of the spin density ρ2 in the
limited region with the exponential law of derease at its boundary (for example, at the
distribution in the irle of the radius r0 with the exponential derease at the length
R ≪ r0) will be aompanied by the quasi-one-dimensional distribution of the harge
density ρ2h along the boundary of this region, i.e. along the ring with thikness R and
radius r0. It is seen from here that studying spatial onfigurations of the density field
ρ2 in planar systems allows us to find the form of one-dimensional distributions of the
eletri harge density with the aid of the above-mentioned holographi projetion.
The multipliers of the first term in the soft variant of the n-field model (1) desribe
the distributions of onjugeted variables  the spin stiffness ρ2 and the square of the
inverse length (∂kn)
2
of the density sreening. It follows from this partiular example
already, that the ompetition of the order parameters ρ, n and c may be the origin of
the existene of phase states with various ordering of strongly orrelated harge and spin
degrees of freedom. We enumerate the main limiting ases of model (1) in inhomogeneous
(n 6= const) phase states as follows: (i) c = 0, ρ = const; (ii) c = 0, ρ 6= const; (iii)
c 6= 0, ρ = const; (iv) c 6= 0, ρ 6= const. In the ase of n = const and c 6= 0, ρ 6= const
the funtional (1) is equivalent to the one-omponent Ginzburg-Landau model.
The model for studying inhomogeneous distributions of spin degrees of freedom in the
form of knots for ase (i) was proposed in paper [8℄. In this rigid phase F > 32pi2|Q|3/4
[9, 10℄, where Q = 1/(16pi2)
∫
d3x εiklai∂kal is Hopf invariant. The inhomogeneous
superonduting state (iii) with finite momentum of pairs and universal harater of
orrelations was reently onsidered in [11℄. In this phase the gain of the free energy
F > 32pi2|Q|3/4(1 − |L|/|Q|)2 depends on the index L = 1/(16pi2) ∫ d3x εiklci∂kal of
mutual linking degree of one-dimensional onfigurations, for whih the fields c and a are
defined.
The aim of this paper is to study the properties of states outside the superonduting
phase from the seond line (ii) of the list of limiting ases, to whih the model (1) leads. In
this soft version of the Faddeev-Niemi model [12, 13℄ the funtional (1) has the following
form
F =
∫
d3x
[
1
4
ρ2 (∂kn)
2
+H2ik + (∂kρ)
2 − bρ2 + d
2
ρ4
]
. (2)
The state with the broken antiferromagneti order has a lower energy than the "soft"
state in whih we are interested now. The last one may be metastable [14℄. We will
onsider just suh states and ompare their ontribution to the Ginzburg-Landau energy
without studying the problems of their relaxation, the ritial sizes of nulei of different
phases and et., whih are of separate interest.
It has been known for a long time (see, for example, [15℄) that in suh a phase state the
distributions of the harge density ρ2h have the form of stripes
1
. It is seen from Eq.(2)
that the loss in the free energy due to inhomogeneity may be redued by developing
inhomogeneous onfigurations of the field ρ with one-dimensional distribution of the
gradient ∂kρ. From this point of view it is almost obvious that the quasi-one-dimensional
field onfigurations ρ in the form of rings give the smallest ontribution to the energy.
1
We suppose that the stripe harateristi sizes are essentially greater than the lattie sale. In this
ase, the use of phenomenologial approah of the Ginzburg-Landau mean field theory is justified.
2
Whether these spin strutures will be two-dimensional with sharp boundaries or one-
dimensional and open, forming stripes, or losed almost one-dimensional strutures in
the form of rings, depends also on the parameters of the potential V (ρ, n3). In the phase
n3 = const with neutral spin urrents the answer will depend on the sign of the oeffiient
b in the potential V (ρ, n3). The positive onstant b orresponds to the phase with the
broken antiferromagneti order in (2). In this ase the form of quasi-one-dimensional
strutures will depend on the result of the ompetition between the first and the fourth
terms in Eq. (2) (see also [16℄). We will show that in this phase, far from Tc harge
strutures with the open ends are preferable, while in the ase T → Tc we should prefer
rings. The first experimental indiation of the existene of harge strutures in the form
of rings in the underdoped phase of planar systems is in the reent paper [17℄. In a ertain
sense, the tunnel mirosope in this experiment [17℄ ollets data from a two-dimensional
slie of knots [12℄.
Let us find the ontribution to the free energy (2) from quasi-one-dimensional distri-
butions of the density ρ2 in the form of a ring and a stripe and ompare the results of
the alulations with the experimental data. We hoose the following trial funtions for
the onfigurations of the field ρ in the form of a ring and a stripe:
ρ = ρ0 e
−(r−r0)
2/2R2 , (3)
ρ = ρ0exp
[−x2/2L2x] ×
{
1, |y| 6 Ly ,
exp
[−(|y| − Ly)2/2L2x] , |y| > Ly . (4)
Here ρ0 =
√
b/d, r0 is the ring radius, R is its width, 2Ly = 2pir0 is the stripe length,
Lx = R is its width. Sine onfigurations (3) and (4) do not depend on the third
oordinate, we shall assume that along this oordinate the size is limited by the length
Lz, and also that R < r0. The alulation of the energy (2) with the aid of (3) and (4)
yields the following result for the ontribution to the free energy from the spin degrees
of freedom distributed over the ring Fr and the stripe Fxy:
Fr = piρ
2
0Lz
r¯0
R
(
1 +
R2
ξ2
)
, (5)
Fxy = piρ
2
0Lz
r¯0
R
(
1 +
R2
ξ2
+
R
r¯0
+
(
n0 − 3
4
b
)
R3
r¯0
)
. (6)
Here r¯0 =
√
pir0, 1/ξ
2 = 2
[
n0 − (1− 1/
√
8)b
]
, n0 is a ertain harateristi value of the
"multiplier" (∂kn)
2
in (2), whih is of the order c1R
−2
, whereas b = c2R
−2δT , where
ci ∼ 1, δT = (Tc − T )/Tc. In these equations we omitted the term H2ik from Eq. (2)
sine we onsider that it is the same for the both types of distributions.
At R ≪ r0 the optimal width of the harge strutures R = ξ and the differene
of free energies ∆F = Fxy − Fr in units piρ20Lz equals ∆F = 1 + c1 − (3/4)c2δT . It
follows from this equation that in the ase of 4(1+ c1)/3c2 < 1 in the temperature range
[1− 4(1 + c1)/3c2]Tc < T < Tc, whih is ontigious with the ritial temperature Tc
of the transition to the state of the spin pseudo-gap, the ontribution to the free energy
from the rings is smaller than from the stripes (see Fig. 1). In the range of temperatures
T < Tc [1− 4(1 + c1)/3c2] the stripes are the main onfigurations. As is known, one may
reah Tc, keeping the temperature onstant, by inreasing the level of doping. Under
3
Figure 1: Shemati representation of losed (b) and open () quasi-one-dimensional
strutures of the harge density (see. [17℄) around antiferromagneti dieletri nano-
lusters (a).
these experimental onditions studied in the reent paper [17℄, it was reported for the
first time that ring-shaped harge strutures in underdoped phase states were observed.
Let us make some remarks onerning the distribution of the spin density ρ2 in the
disk, surrounded by the ring harge distribution. All result were obtained under the
assumptiom that the spin disorder arose only in the region diretly adjaent to the disk
edge. Therefore, there was the antiferromagneti phase inside it. If the antiferromag-
neti order is broken everywhere in the disk, it is neessary to onsider the orresponding
distribution of the density ρ2 in the form of a disk with further omparison of its on-
tribution with Fr. When onsidering the ontribution of the density distributions ρ
2
to
the free energy in the form of a disk, we get a double gain due to the existene only
one edge and have a loss due to the area. The alulation shows that at small R/r0 the
distributions in the form of rings appear to be more preferable.
Let us onsider the dependene of the ritial temperature Tc on the level of doping.
With this aim, we use the relation of Fr to Fxy in the following form:
Fr
Fxy
=
1
1 +BR/r¯0
, (7)
where
B =
1
2
[
1 +
1
2
n0 − 3/4 b
n0 − 1/
√
8 b
]
=
3
4
n0 − 0.68 b
n0 − 0.65 b.
One an see that onfigurations in the form of stripes are more preferable in the range
0.65 < n0/b < 0.68 where Fxy < Fr. Normalizing the density ρ
2
0 to the partile number
N by the ondition N = 2piρ20ξLzr0m, we get the relation between the parameters n0
4
and b in the form x = b/
√
n0 − αb. Here x = Nd/
√
2mpiLzr0 and α = 0.65. Thus, for
the bounds of the above-onsidered range where n0 ∼ b, we have T (x) = Tc(1 − Ax2)
with a ertain onstant A. Therefore, inside the region belonging to the phase state with
the broken antiferromagneti order, there exists a narrower region, loated between the
parabolas T (x), where the harge strutures have the form of stripes.
The analysis of the inhomogeneous superonduting state Fik 6= 0, ρ 6= const is an
open problem at present. Sine (∂kρ)
2 6= 0, the additional ontribution dereases the
gain in the free energy [11℄ in the superonduting phase. The superonduting state
from this point of view will be studied more thoroughly in a separate paper. Here we
mention only that the superonduting urrent with the amplitude c0, flowing along
the rings (3), yields the term of the order c20R
2
in the multiplier (1 + R2/ξ2) of Eq.
(5). This explains in partiular why the superonduting region on the phase diagram
"temperature - doping level" is shifted to the line δT (x) = 0 of the transition to the
state with the spin pseudo-gap. Indeed, in this ase Veff (ρ, n3) = −beffρ2+(d/2)ρ4 with
beff = b − (n0 + c20) = (const/R2)δT . We see that the finite value of the momentum c
of superonduting pairs dereases δT .
In onlusion, we have ompared the ontributions to the free energy from the harge
density distributions with open and losed ends and found the regions of the existene of
both types of onfigurations. The obtained results support the onjeture of the paper
[16℄ and explains the results of the experiment desribed in [17℄.
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